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Abstract 

In this article we review recent developments on Morita equivalence of star products and 
their Picard groups. We point out the relations between noncommutative field theories and 
deformed vector bundles which give the Morita equivalence bimodules. 

1 Introduction: Noncommutative Field Theories 

Noncommutative field theory has recently become a very active field in mathematical physics, see 
e.g. |16ll2HEIHI12ll3Uj to mention just a few references. Many additional references can be found in 
the recent review (33] as well as in these proceedings. 

The purpose of this note is to point out some mathematical structures underlying the noncom- 
mutative field theories and the relations to deformation quantization [2] and Morita equivalence of 
star products plIHll^]. 

In the commutative framework the (matter) fields are geometrically described by sections £ = 
T°°(E) of some vector bundle E — > M over the space-time manifold M. We consider here a complex 
vector bundle E. Since a field <j> 6 £ can be multiplied by a function / G C°°(M) and since clearly 
( ( t ) f)9 = <K/ff) we obtain a (right) module structure of £ over the algebra of smooth complex- 
valued functions C°°(M). Gauge transformations are encoded in the action of the sections of the 
endomorphism bundle r°°(End(.E)), i.e. A £ r°°(End(£')) can be applied to a field 4> by pointwise 
multiplication Acf). In this way £ becomes a r°°(End(ii ; )) left module. Moreover, the action of 
r°°(End(£0) commutes with the action of C°°(M) 

(A</>)f = Atff), (1) 

whence the space of fields £ becomes a bimodule over the algebras r°°(End(-E)) and C°°(M). 
* Stefan.Waldmann@physik.uni-freiburg.de 
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In order to formulate not only the kinematics but also the dynamics we need a Lagrange density 
L for E. Geometrically, this is a function on the first jet bundle of E. A particular important 
piece in L is the mass term which is encoded in a Hermitian fibre metric ho for E. Recall that a 
Hermitian fibre metric is a map 

h : £ x £ -> C°°(M) (2) 
such that ho is C°° (M)-linear in the second argument, ho(<t>, ip) = ho(i^, (j)) and one has the positivity 

ho{<p,(p){x) > iff 00)^0. (3) 

Then the mass term in £ is just ho(4>, 4>) and the last condition © is the positivity of the masses. 
Note that such a Hermitian fibre metric is also used to encode geometrically some polynomial 
interaction terms like </> 4 . Hence it is of major importance to have a definiteness like J2J). 

We presented this well-known geometrical formulation, see e.g. the textbook |35| . in order to 
motivate now the noncommutative analogs. The main idea is that at some scale (Planck, etc.) the 
space-time itself behaves in a noncommutative fashion. One way to encode this noncommutative 
nature is to consider a star product * on M which makes the algebra of functions C°°(M) into a 
noncommutative algebra. Here we consider formal star products for convenience, see [2j as well 
as |15U18j for recent reviews and further references. 

Thus let 7r be a Poisson tensor on the space-time M and let * be a formal star product for ir, 
i.e. a C[ [A]] -bilinear associative multiplication for C°°(M)[[A]], 

oo 

/* 5 = ^AXV(,/, 9 ), (4) 

r=0 

with some bidifferential operators C r such that Co(f,g) = fg is the undeformed product and 
Ci(f,g) — C\(g,f) = i{/, g} gives the Poisson bracket corresponding to n. Moreover, we assume 
/*1 = / = 1* / and f * g = ~g * f ■ The formal parameter A corresponds to the scale where the 
noncommutativity becomes important. Two star products are called equivalent if there is a formal 
series T = id+^^i A r T r of differential operators T r such that T(f*g) = Tf-k'Tg. See |14ll7U27l23j 
for existence and |25ll3|l38 | IT3 | l23] for the classification of such star products up to equivalence. 

In order to give a geometrical framework of noncommutative field theories we want a deformed 
picture of the above bimodule structure. Thus we look for a right module structure • on the space 
r°°( J E)[[A]] with respect to the algebra C°°(M)[[X]}. Thus • is a C[[ A]] -bilinear map 

oo 

^•f = Y, XrR r^,f), (5) 
r=0 

where R r : T°°(E) x C°°(M) -> T°°(E) is a bidifferential operator with R {(f>, f) = <j)f and 

(4> m f) m 9 = 4>*(f*9) and <j> • 1 = (j). (6) 

This gives the right module structure. But we also need an associative deformation of r°°(End(£')) 
and a left module structure •' such that we have 

(A *'B) •'</> = A •' (B •' (/>), 1 •' (j) = <t> and A •'(</>•/) = (A (j)) • /. (7) 

This gives then a deformed bimodule structure on T°°{E). 
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If we are interested in the analog of the Hermitian metric ho then we want a (D[[A]]-sesquilinear 
deformation h = J2T=o yh r of h o where h r : T°°(E) x T°°(E) -» C°°(M) such that 



h(faip*f) = h(faift)*f, (8) 

h(faift) = h{fafa), (9) 

0) is positive, (10) 

h(A»'faift) = h(cft,A* (11) 



The positivitiy in (|1U|) is understood in the sense of *-algebras over ordered rings, see [Sj. In the 
case of a vector bundle this just means that h((ft, fa) can be written as a sum of squares Y2i fi * fi- 
Having this structure one obtains a framework for noncommutative field theories beyond the 
usual formulations on a flat space-time with trivial vector bundle, very much in the spirit of Connes' 
noncommutative geometry To formulate a physical theory one needs of course much more, 

like an action principle, convergence in the deformation parameter A, a quantization of this still 
classical theory, etc. All these questions shall not be addressed in this work. Instead, we shall focus 
on the question whether and how one can prove existence, construct, and classify the structures •, 
•', *' and h out of the given classical data and a given star product *. The case of a line bundle 
E = L plays a particularly interesting role as this corresponds exactly to (complex) scalar fields. 

2 Deformation of Projective Modules 

There are several different ways to construct deformed versions of a Hermitian vector bundle. 
We shall focus on a rather general algebraic construction before discussing the other possibili- 
ties. Fundamental is the well-known Serre-Swan theorem [32] in its smooth version: The C°°(M)- 
module of sections T°°(E) is a finitely generated projective module. Moreover, the C°°(M)-hnear 
module endomorphisms are just the sections of the endomorphism bundle, i.e. r°°(End(i?)) = 
End C oo( A/ )(r oo (i?)). Hence one finds a projection P = Pq £ M^(C°°(M)) where N is sufficiently 
large, such that 

T°°(E) P C°°(M) N and r°°(End(£)) 9* P M N (C°°(M))P . (12) 

If E is equipped with a Hermitian fiber metric ho then one can even find a Hermititan projection 
Pq = Pq = Pq such that with the identification of 1)12(1 the Hermitian fiber metric becomes 

N 

ho(4>,^) =^2~4>iA, (13) 
1=1 

where <f> = (fa, . . . , </> N ), if} = (ifa, . . . , il> N ) G C°°(M) N are elements in P C oo (M) Ar , i.e. they 
satisfy Po4> = (ft, Poift = ift. 

It is worth to look at this situation in general. Thus let A be an associative algebra over a 
ring C and let * be an associative formal deformation of A. We denote the deformed algebra by 
A = (A[[A]],~k). Now let £ be a finitely generated projective right module over A and let Endyi(£) 
denote the A- linear endomorphisms of £. Then one has the following result, see 

Theorem 1 There exists a deformation • o/£ into a A-right module (£[[A]],») which is unique up 
to equivalence such that (£[[A]],») is finitely generated and projective over A and Endy^(£[[A]], •) is 
isomorphic as C[[X]]-module to End yl (£)[[A]]. 
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Equivalence of two deformations • and • means that there is a map T = id + Ylr^=i ^ r Tr with 
T{(j) • a) = T{(j))ia for all <j) G £[[A]] and a G A[[\]\. ' 

The idea of the proof consists in first deforming the projection Pq into a projection P with 
respect to the deformed product * by using the formula 17, Eq. (6.1.4)] 

P=-+(P --V — _ 1 (14) 
2 V 2; VI + 4(^*^0-^0) 

Then the ,/l-right module P*A N is obviously a finitely generated and projective ./I- module and it 
turns out that it is isomorphic to £[[A]] as C[[A]]-module. Then the uniqueness of the deformation 
• up to equivalence follows from the fact the P*A N is projective again. Indeed, let £ be endowed 
with the trivial A right module structure given by <f>-a = 4>clq for <j) G £ and a = Yl^Lo ^ r(1 r 6 ^[Mi- 
Then the classical limit map cl : (£[[A]],«) — > (£, •) (setting A = 0) is a module morphism for A 
right modules. The same holds for any other deformation i. Since the deformation • is projective 
and since cl is obviously surjective this means we can find a module morphism T : (£[[A]], •) — > 
(£[[A]],») such that cl o T = cl. This implies T = id + Yl^Li A r T r whence we have found an 
equivalence, see [5] for details. 

In particular, the choice of a C[[A]]-linear isomorphism between End^(£[[A]], •) and End_4(£)[[A]] 
induces a new deformed multiplication for Endyi(£) [[A]] together with a new module multiplication 
for £[[A]] such that (£[[A]], •', •) becomes a (End^.(£)[[A]], *')-A bimodule. 

Remark 2 1. Since (£[[A]],«) is unique up to equivalence the deformation *' is unique up to 
isomorphism since End^(£[[A]], •) is fixed. One can even obtain a which is unique up to 
equivalence if one imposes to be a deformation of the original left module structure. 

Otherwise, if *' is such a deformation and $ is an automorphism of the undeformed algebra 
Endyi(£) then 

,4** B := <&{$- l A*' $- l B) (15) 

yields another isomorphic but not necessarily equivalent deformation of End^(£) allowing for 
a bimodule structure as above. 

2. In general, there is an obstruction on to allow such a bimodule deformation •' for a given 
fixed -k (and hence •) as the algebra structure has to be isomorphic to End_/i(£[[A]], •). 

3. By analogous arguments as above one can also show the existence and uniqueness up to 
isometries of deformations of Hermitian fiber metrics [3] . 

4. In physical terms: noncommutative field theories on a classical vector bundle always exist and 
are even uniquely determined by the underlying deformation of the space-time, at least up to 
equivalence. Morally, this can be seen as the deeper reason for the existence of Seiberg-Witten 
maps. 

Let us now mention two other constructions leading to deformed vector bundles. It is clear that 
the above argument has strong algebraic power but is of little use when one wants more explicit 
formulas as even the classical projections Pq describing a given vector bundle E — > M are typically 
rather in-explicit. The following two constructions provide more explicit formulas: 

1. Jurco, Schupp, and Wess [22] considered the case of a line bundle L — > M with connection V L 
and an arbitrary Poisson structure 9 on M. Here one can use first the Kontsevich star product 
quantizing 9 by use of a global formality map. Second, one can use the same formality map 
together with the connection V L to construct •, *' and •' as well. The construction depends 
on the choice of a global formality. One also obtains a Seiberg-Witten map using the formality. 
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2. In ;521 we considered the case of a symplectic manifold with arbitrary vector bundle E — > 
M. Given a symplectic connection V, Fedosov's construction yields a star product * for 
M, see e.g. |17| . Using a connection V s for E one obtains •, *' and depending even 
functorially on the inital data of the connections. Hence one obtains a very explicit and 
geometric construction this way. 

For both approaches one can show that the resulting deformations •, *' and can be chosen 
to be local, i.e. the deformations are formal power series in bidifferential operators acting on 
functions, sections and endomorphisms, respectively. Thus one can 'localize' and restrict to open 
subsets U C M. If in particular one has a good open cover of J\d then E L., becomes ci trivial 
vector bundle. Since the deformation is unique up to equivalence the restricted deformation » a has 
to be equivalent to the trivial deformation of a trivial bundle. This way one arrives at a description 
of •, and *' in terms of transition matrices satisfying a deformed cocycle identity 

&af3 * 3>/?7 * 3> 7 a = 1 and 3> Q/ 3 * 3?/^ = 1 (16) 

on non-trivial overlaps of U a , Up, and U 1 . Here & a p = Y^rLo^^aB e Mk(C°° (U a p))[[\]\ and the 

<fr^g are the classical transition matrices. Conversely, if one finds a deformation 1)16(1 of the classical 
cocycle then one can construct a deformation of the vector bundle out of it. This can be seen as a 
Quantum Serre-Swan Theorem, see [HI]. We conclude this section with a few further remarks: 

Remark 3 1. Since the finitely generated projective modules £ over A give the i^o-theory of the 
algebra A and since any such £ can be deformed in a unique way up to equivalence and since 
clearly any finitely generated projective module over A arises this way up to isomorphism 
one finally obtains that the classical limit map cl induces an isomorphism 

cl* : Kq(A) -=-> Kq(A). (17) 
Thus .fT-theory is stable under formal deformations |29j . 

2. If J : A — > C[[A]] is a trace functional, i.e. 

J a*b = j b-ka, (18) 
then ind : K (A) — ► C[[A]] defined by 

[P] - J tr(P) (19) 

gives a well-defined group morphism and for a fixed choice of J the index ind(P) depends 
only on the classical class [Po\. In case of deformation quantization this yields the index 
theorems of deformation quantization where one has explicit formulas for ind(P) in terms of 
geometric data of E, M and the equivalence class [★] of the star product, see Fedosov's book 
for the symplectic case |17j as well as Nest and Tsygan [25U26j and the work of Tamarkin and 
Tsygan for the Poisson case |34j . 

3. In the connected symplectic case the trace functional J is unique up to normalization j2E] 
and given by a deformation of the integration over M with respect to the Liouville measure. 
In the Poisson case one may have many different trace functionals, see e.g. [1]. 

4. Physically, such trace functionals are needed for the formulation of gauge invariant action 
functionals which are used to define dynamics for the noncommutative field theories. Recall 
that the structure of a deformed vector bundle is only the kinematical framework. 
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3 Morita Equivalence 



Let us now discuss how Morita theory enters the picture of deformed vector bundles. Vector bundles 
do not only correspond to projective modules but the projections Po € Mn(C°°(M)) are always 
full projections which means that the ideal in C°°{M) generated by the components (-Po)m is the 
whole algebra C°°(M). We exclude the trivial case Pq = from our discussion in order to avoid 
trivialities. Then the following statement is implied by general Morita theory, see e.g. [21] as well 
as 0. 

Theorem 4 The bimodule £ = T°°(E) is actually a Morita equivalence bimodule for the algebras 
C°°(M) and r°°(End(-E)). In particular, these algebras are Morita equivalent. 

In the general algebraic case, it is easy to check that the deformation P of a full projection Po is 
again full whence we conclude that (£[[A]], •, •') is a Morita equivalence bimodule for the algebras 
(.A[[A]],*) and (End J q.(£)[[A]],* / ) and the later two algebras are Morita equivalent. Moreover, any 
Morita equivalence bimodule between the deformed algebras arises as such a deformation of a 
classical Morita equivalence bimodule up to isomorphism, see e.g. (7j for a detailded discussion. 
Since the deformation was already fixed up to isomorphism by the classical right module structure 
of £, one has to expect obstructions that an a priori given deformation * of Endyi(£) is Morita 
equivalent to the deformation * of A. These obstructions make the classification of the Morita 
equivalent deformations difficult in the general framework. We shall come back to this effect when 
considering the Picard groupoid. 

However, for symplectic star products one has the following explicit classification of Morita 
equivalent star products [Hj, see also [22] for a related statement in the Poisson case. Note that for 
star products * and *' we want the endomorphisms r oo (End(£')) cassically to be isomorphic to the 
functions C°°(M) whence the Morita equivalence bimodules arise as deformations of line bundles. 

Theorem 5 Let (M, oS) be symplectic. Then two star products * and *' are Morita equivalent if 
and only if there exists a symplectic diffeomorphism if) : M — > M such that 

V>*c(*0 - C W G 27ri #dR( MZ )> ( 20 ) 

where c(*) € + H^(M, C)[[A]] is the characteristic class of*. The equivalence bimodule can be 
obtained by deforming a line bundle L — > M whose Chern class c\(L) is given by the above integer 
class. 

The most suitable definition of the characteristic class of a symplectic star product which is used in 
this theorem is the Cech cohomological description as it can be found in JS]. Then the first proof 
in [Sj consists in examining the deformed transition functions (|16j) . In the approach of 36 using 
Fedosov's construction there is an almost trivial proof for the above theorem as the Chern class of 
the line bundle L can be build into the Fedosov construction as a curvature term of a connection 
V L on L directly. 

The additional diffeomorphism ip is necessary as *' is only determined by L up to isomorphism 
and not up to equivalence as this is encoded in the characteristic class. 

Remark 6 There is even a stronger result: For *-algebras one has a notion of strong Morita 
equivalence [H] which is a generalization of Rieffel's notion of strong Morita equivalence for C*- 
algebras [2H1- Applying this for Hermitian star products, i.e. those with / * g = ~g*f, one has the 
statement that two Hermitian star products are strongly Morita equivalent if and only if they are 
Morita equivalent [HI Thm. 2]. One uses a deformed Hermitian fiber metric in order to get this 
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stronger result. Physically, this is the relevant notion of Morita equivalence as one also needs to 
keep track of the ""-involutions and positivity requirements as we have discussed above. Thanks 
to [HI Thm. 2], we can focus on the purely ring-theoretical Morita theory without restriction. 

4 The Picard Groupoid 

In this last section we shall consider the question in 'how many ways' two Morita equivalent algebras 
can actually be Morita equivalent. In particular, we want to investigate how Morita equivalence 
bimodules behave under formal deformations. 

First we note that this is physically an important questions since we have already seen that 
the algebra C°°(M) and the algebra r oo (End(£')), which encodes the gauge transformations, are 
Morita equivalent via the sections T°°(E) of the vector bundle E. Thus the above question wants 
to answer how many 'different' vector bundles, i.e. field theories, one can find which allow for such 
a bimodule structure for the same algebra of gauge transformations. 

To formulate these questions one uses the following definitions for unital algebras A, 23, ... over 
some ring C: 

Definition 7 Let Pic fyi, 23) denote the category ofA-H Morita equivalence bimodules with bimodule 
homomorphisms as morphisms. The set of isomorphism classes of bimodules in Pic fA, 23) is denoted 
by Pic(.A,2). 

From Morita theory we know that £ G Pic (.A, 23) is a finitely generated and projective module 
whence the isomorphism classes are a set indeed. 

It is a well-known fact that tensoring equivalence bimodules gives again an equivalence bimodule. 
Hence if £ G Pic(A, 23) and J G Pic(23, C) then £ ® 2 3" G Pic(A, C). Moreover, it is clear that this 
tensor product is compatible with the notion of isomorphisms of equivalence bimodules. Thus this 
gives a composition law 

® : Pic(A, 23) x Pic(23, e) — ► Pic(A, 6). (21) 

Then the tensor product is associative on the level of isomorphism classes, whenever the composition 
is defined. We also note that the trivial self-equivalence bimodule A behaves like a unit with respect 
to <S>, at least on the level of isomorphism classes. Finally, the dual module to £ gives an inverse 
whence we eventually end up with a groupoid structure, called the Picard groupoid Pic(-,-). The 
units are just trivial self-equivalence bimodules and the spaces of arrows are just the Pic (A, 23). 
The isotropy groups of this groupoid are the Picard groups Pic(yi) = Pic(A,A), see e.g. PHIT], 

After this excursion let us now focus again on the deformation problem. Assume A = (A[[\]],*) 
and 23 = (13 [[A]], V) are associative deformations such that the resulting algebras are Morita equiv- 
alent. Then Pic (A, 23) is non-empty and any £ is isomorphic to a deformation (£[[A]], •, •') of 
an equivalence bimodule £ of the undeformed algebras A, 23. In particular, A and 23 have to 
be Morita equivalent, too. Moreover, £ is uniquely determined up to isomorphism whence one 
eventually obtains a well-defined classical limit map 

cl* : Pic(A, 23) — ► Pic(A, 23). (22) 

It is easy to see that the classical limit map behaves well with respect to tensor products of bimodules 
whence on the level of isomorphism classes we obtain a groupoid morphism, see [7] where the case 
of the group morphism is discussed: 
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Proposition 8 The classical limit map cl* is a groupoid morphism. In particular, 



cl„ : Pic(yi) — > Pic(A) (23) 

is a group morphism. 

Note that this is a very similar situation as for the K-theory (|17|). However, here cl* is far from 
being an isomorphism in general. Thus we would like to find a description of the kernel and the 
image of the map cl*, at least for the cases where A is commutative. 

For the kernel one obtains the following characterization. Let 

Equiv(A) = |t = id + \T r \ T € Aut(^l) j (24) 

denote the self- equivalences of the deformed algebra. Since we assume that the undeformed algebra 
A is commutative, the inner automorphisms of A are necessarily self-equivalences. Thus one can 
define the group of outer self-equivalences 

Then one has 

ker cl* ^ OutEquiv(yi) (26) 

as groups Cor. 3.11]. 

In the case of star products one can describe kercl* even more explicitly. Assume that * is 
a star product on (M, tt) with the property that any 7r-central function can be deformed into a 
★-central function and any 7r-derivation can be deformed into a *-derivation. There are many star 
products which actually have this property, e.g. all symplectic star product, the Kontsevich star 
product for a formal Poisson structure which is equal to the classical one and the star products 
constructed in |H1ITU]. Under these assumptions one has Thm. 7.1] 

OutEquivW - 2 ^^l } + A^(M, C)[[A]] (27) 

as sets, where H^(M, C) denotes the first complex Poisson cohomology of (M, tt) and H^(M, Z) the 
first integral Poisson cohomology, i.e. the image of the integral deRham classes under the natural 
mapFi R (M,Z) — »ffi(M,C). 

The identification above is even a group isomorphism for symplectic star products where the 
right hand side is endowed with its canonical abelian group structure. However, in the general 
Poisson case the group structure on the left hand side is nonabelian. 

The situation for the image of the classical limit map cl* is more mysterious Prom the 
condition (|2()|) one obtains that the torsion line bundles are always in the image in the case of 
symplectic star products. However, there are examples where the image contains also non-torsion 
elements and it seems to depend strongly on the example how big the image actually can be. In 
the Poisson case even less is known. 
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